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Let C be the curve y 2 = x 6 -fl of genus 2 over a field of characteristic zero. Consider C 
embedded in its Jacobian J by sending one of the points at infinity on C to the origin of J. 
In this brief note we show that the points of C whose image on J are torsion are precisely 
the two points at infinity, the two points with x — and the six points with y = 0. The 
finiteness of this set follows from the Manin-Mumford conjecture proved by Raynaud [R]. 
Bounds for this set follows from the work of Coleman [C] and Buium [B]. We will follow 
Buium's approach enhanced by some calculations from [VW]. For the determination of the 
full torsion on other curves of genus 2 by a different method, see [BG]. 

The curve C maps to E 2 where E is y 2 = x 3 + 1 by <fi : (x, y) i— > ((x 2 , y), (x -2 , yx~ 3 )). 
This map factors through the embedding of C in its Jacobian J, and since <p maps the 
points at infinity on C to torsion points on E 2 , it is enough to determine the points P G C 
with <p(P) torsion, which is what we will do. We will work over Zj and compute the 
unramified torsion in E 2 that lands in C. By a result of Coleman ([C]), this is enough for 
our purposes (see also [B]). 

The elliptic curve E is a canonical lift of its reduction Eq modulo 7 and, modulo 49, 
the unramified torsion in E is the image of the elliptic Teichmiiller map r : Eq{Yj) — > 
E(W 2 (F 7 )) (see [VW]). Moreover, if P G E , P ^ then r(P) has x-coordinate (x,4x 10 + 
x 7 + 2x 4 + 5x), where x is the x-coordinate of P. Let /(x) = 4x 10 + x 7 + 2x 4 + 5x. This 
statement follows from the proof of Proposition 4.2 of [VW], there it is shown that the 
second Witt coordinate xiof the x-coordinate of t(P) satisfies x[ = f'(x) and has degree 
at most 10 in x. By looking at the two-torsion, we get X\(— 1) = X\{— 2) = xi(— 4) = 0, 
hence xi = /. 

Let U be the affine open subset of C where x ^ 0, oo. Note that if (P, Q) is on 
the image of U in E 2 then the product of the x-coordinates of P and Q is 1. If both P 
and Q are the elliptic Teichmiiller lifts of their reduction modulo 7 and (P, Q) is on U, 
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we get (x 2 , f(x 2 ))(x 2 ,f(x 2 )) = 1 (product of Witt vectors of lenght two) which gives 
x 14 f(x~ 2 ) + x~ 14 f(x 2 ) = 0. However, x 14 f(x~ 2 ) + x~ 14 f(x 2 ) = (x 6 + l) 4 /x 12 , hence the 
torsion points on U are precisely the six points with y = 0, hence the result. 

Of course, the above calculations use extensively the special features of the curve in 
question. Another example where this technique can be employed is to compute the points 
on X : x 4 + y 4 = 1 which map to torsion points on F 2 , where F is the elliptic curve 
y 2 = 1 — x 4 and the map is (x, y) \— > ((x, y 2 ), (x 2 , y)). Note that F 2 is just a quotient of 
the Jacobian of X, which is 3-dimensional. We work 5-adically and again use the results 
of [C] (noticing that F is ordinary at 5) to reduce to unramified points. The elliptic curve 
F is a canonical lift of its reduction F modulo 5 and the elliptic Teichmiiller map has 
x-coordinate (x, 2x 9 — 2x). If a point (P, Q) on F 2 is on the image of X, the x-coordinate 
of Q is the x-coordinate of P squared. If both P and Q are the elliptic Teichmiiller lifts of 
their reduction modulo 5 we get (x, 2x 9 — 2x) 2 = (u, 2u 9 — 2u) as Witt vectors of lenght 
two. Hence u = x 2 and 2x 5 (2x 9 — 2x) = 2u 9 — 2u, which implies x 4 = ±1, hence these 
points and the points at infinity are the points on X that map to torsion points on F 2 . 
For torsion points on Fermat curves embedded in their Jacobians, see [CTT] . 
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